Accuracy analysis of the phase-screen propagator: implications for modeling and migration S u m m a r y with the square-root operator Q defined tn
Introduction
The phase-screen (or split-step Fourier) propagator has been used for modeling fonvard and reflected wave propagation ( e . 9 . \Vu and Huang, 1992 Huang, : 11-11 et al. . 1993 and migration (e.g. Stoffa et of. . 1990: Huang and IVu. 1996) . Cheng e t of. (1996) gave a formal error analysis of the phase-screen propagator by defining a propagation angle in a reference medium and concluded that the propagation angle should be less than 40 degrees to control the error from expansion of the square-root operator to under 5%. However. what n-e are interested is to understand how accurate the phasescreen propagator is for a given propagation angle in a real medium rather than in a reference medium. We analyze the error from expansion of the square-root operator and from the splitting the exponential opcrator of the phase-screen propagator using the formal and numerical methods.
Expansion of the square-root operator
The one-way wave equation is given by where p t r . y, ::a) is the pressure in the frequency domain. . c is the circular frequency, and c (~. y. : ) is the velocity of the medium. Equation (1) leads to the equation for wave-field extrapolation p ( z . y 7 z +~: : a ) = e ' l ' Q p ( , x . ! g . z : -, ) .
( 3 )
where 1 3 is the vertical extrapolation interval.
In the phase-screen propagator. by choosing a ref- Error from expansion of the square-root operator To evaluate the error introduced by espansion of the square-root operator. we consider a homogeneous medium nith a velocity u(z. y, 3 ) = const. Therefore. Fourier transforming equation (1) and equation ( 6 ) 
In term of the relative sloivness perturbation dn = n -1, equation (9) can be written as 6n +-
Alternatively, E, versus the relati\-e velocity pertur-
Equations (9)- (11) indicate that E, = 0 if 0 = 0 for waves propagating along z-axis. or if 6n = 0 (2.e. ra = 1, bn, = 0) for a homogeneous medium. as expected. For the generai cases, we used equation (11) to calculate the relative e m E,. The relative error contours versus the propagation angle 8 and the relative velocity perturbation 6n, are displayed in Figure 1 .
The figure demonstrates that. for 33% relative error caused by expansion of the square-root operator. the propagation angles are about 40-45 degrees when the relative velocity perturbations are *lo'%. The propagation angles are shrunk to about 17-25 degrees when the relative velocity perturbations are either 100% or -50%.
To analyze the accuracy of the phase-screen propagator. relative traveltime mors of seismograms generated by the phase-screen method were calculated. A 2D homogeneous model defined on a grid 1024x100 was used. The grid spacings along z-and z-axis are both 10m. The velocity d the model is 1000mls. A point source with a R i c W s time history and a dominant frequency 20Hz !vas introduced at grid point (512.1). The seismogram was recorded at each grid point from (512.100) to (312.1023), which corresponds to propagation angles ranging &om 0 to 79 degrees relative to z-axis. Ideal seismograms were computed using the analvtical solution. Seismograms were generated using the phase-screen propagator for relative velocity perturbations ranging from 2.5% to 100% with an interval of 2.5% for the case of positive perturbation. and ranging from -1% to -50% with an interval of -1% for the case of negative perturbation. Relative traveltime errors were computed for each cdculation and their contours am shonn in Figure 2 . We see The terms with transform and the phase-screen marching solutions corresponding to each of the above four spittiug approaches can be written as (111) and (IT1 are third order in (A=). In the same wav as Jensen et al. (1994) . it can be shown that in equations (19)-(22) the errors in using Fourier transform to evaluate the terms with operator B are accurate to order ( k ) ' .
A 2D slice of the 3D SEG/E.AEG salt model shown in Figure 3 was used to compare the accuracv between equations (19) and (22). The model was defined on a grid 1024x300 with a grid spacing 12.192ni. -4 point source with a Ricker's time history and a dominant frequency 20Hz was introduced at the center of the upper boundary of the model. Seismograms calculated using equations (19) and (22) were recorded at the bottom of the model and are displayed respectivelv in Figure - essary for the migration where the wavefields in every depth level are required to produce images. Therefore. using equation (19) for migration is more efficient than using equation (22) while the accuracy for both equations are almost the same. Equation ((21) requires an additional complex number multiplication relative to equation (19).
Conclusions
We have analyzed the error from expansion of the square-root operator using the formal method and compared the results with numerical tests. For large velocitv perturbations (double velocity contrast). both formal and numerical error analyses suggest that the phase-screen propagator can handle wave propagation up to about 20 degrees relative to the main propagation direction z-axis with is% relative errors. For small velocity perturbations ( 5 IO%), the formal error analysis indicates that the phase-screen propagator can be used for simulating wave propagation up to about -15 degrees of propagation angle but numerical analysis demonstrates that the angle can be up to 60 degrees. \Ye have analyzed and numericaily verified t h e errors from splitting the exponential operator.
The symmetrically split equations are a little bit more accurate t h a n t h e one-step split equations. Sumerical examples showed t h a t the differences among splitting approaches are not significant. From the computational efficiency point of view. the one-step-free one-step-perturbation split equations are more suitable for migration since it provides almost t h e same accuracy as t h a t of the symmetrically split equations. The half-step-free one-step-perturbation half-step-free split equation is almost as efficient as t h e one-step split equations for forward wave propagation problems and provides slightly more accurate results t h a n t h e ones t e p split equations. 
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